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Abstract. An upper bound of blow up rate for impressible Navier-Stokcs 
equations with small data in L 2 (R 3 ) is obtained. 



1. Introduction 

We consider the blow up rate of weak solutions to impressible Navier-Stokes 
equations 

{d t u- Au + u-Vu + Vp = 0, in R 3 x (0, T) 
divw = 0, in R 3 x (0, T) 
u(x, 0) = u (x), in R 3 

where u and p denote the unknown velocity and pressure of incompressible fluid 
respectively. 

In this paper, we shall estimate the upper bound of blow up rate for the Navier- 
Stokes equations. 



Theorem 1.1. There is 5 > such that if ||mo||l 2 (r3) < 8, and if u is a Leray- 
Hopf solution to the problem U.l\) and blows up at t = T , then for any small 
e > 0, there is t G (0, T), such that 

(1.2) \\u{t)\\ Lxm < (r _ 6 t)1/2 , for all te(t ,T). 



Here u : (x, t) G R 3 x (0, T) — > R 3 is called a weak solution of (11.11) if it is a 
Leray-Hopf solution. Precisely, it satisfies 

(1) u G L°°(0,T;L 2 (R 3 )) H L 2 (0, T; tf^R 3 )), 

(2) divw = in R 3 x(0,T), 

(3) f [ {-u-d t (l) + Vu-V<f) + {u-Vu)-(f)}dxdt = 
Jo Jr 3 

for all (j) G CHR 3 x (0,T)) with div0 = in R 3 x (0,T). 

Combining Theorem 1.1 with my former result in [51] . we have 
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Corollary 1.2. There is 5 > such that if ||«o||l 2 ( K 3) < 5, and if u is a Leray- 
Hopf solution of the Navier-Stokes equations M.l\) , then u is regular in M? x 
(0,oo). 

Since Leray(1934)[19j and Hopf(1951)[T5] obtained the global existence of weak 
solutions, it has been a fundamental open problem to prove the uniqueness and 
regularity of weak solutions to the Navier-Stokes equations. 

2. Energy estimates 

As in [7J [8J [9 J where Giga and Kohn introduced similar transformations for the 
blow-up problem of semi-linear heat equations, we apply 

(2-1) y= (r _\ )V2 ^ r = -\n(T-t), w(y, t) — (T — t)^ 2 u(x, t), 

to fll.ll) and consider the following new problem 
(2.2) 

y 1 „ 

d T w = AyW — — ■ V y w — —w — w ■ V y w — V y q, Vy G E , r > — In T 

_ 

divy w(y, t) = 0, in R 3 x(-lnT,oo) 
w(y,-lnT) = T 1/2 u (T 1/2 y), in R 3 
where 

q(v,t) = (T — t)p(x, t). 
Without loss generality, in this section we take T — 1. Multiplying the first 
one of (12.21) by w and integrating it over M 3 , by using the second equation of (12. 2p 
we have 

\l d T \w(y,r)\ 2 dy= (-1) I \Vyw(y,r)\ 2 -]\w(y,r)\ 2 dy 
^2 3^ 1 </ir 3 Jr 3 1 
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div (y\w(y,r)\ )dy 



Noting that 



(2.4) / div (y\w(y,T)\ 2 )dy= lim / \y\\w(y,r)\ 2 da(y) > 

JRZ R ^°° JdB R 

we obtain 

Lemma 2.1. For any r > 0, we have 

(2-5) l-^\Mr)\\h m < (-l){||V^(r)||| 2(K3) - \\\w{r) ||^ (R3) }. 

Furthermore, we take differential in the equations of (12. 2\\ and obtain 

1 

d T djW = AdjW y ■ VdjW — <9,u> 

(2.6) 3 3 T 1 J 

— (djW ■ V)w — (w ■ V)djW — Vydjq. 
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Blow up rate for Navier-Stokes equations 

By the same strategy as in the proof of Lemma I2.1[ from (12.61) as well as the 
equation 

1 3 
d T Aw = A 2 w - ~(y ■ V)Aw - -Aw - A((tu • V)w) - VAg 

by taking twice differential in (12.2ft . we have 
Lemma 2.2. For all r > 

[ \Vw(y,T)\ 2 dy< -2 / | X7 2 w(y, r)\ 2 dy - \ [ \Vw(y,r)\ 2 dy 

aT JR3 Jm.3 I JrS 

(2.7) 3 

~ 2 52 / d j w k (y,T)d j wi(y,r)diw k (y,T)dy 



and 

d 

(2.8) * 



\Aw(y,r)\ 2 dy <-2 [ \ VAw{y, r)\ 2 dy - ^ [ \Aw(y,r)\ 2 dy 
-2 / (A«;(y,r)).A((«;(y,r).VMj/,r))dj/. 



Remark 2.3. (1) For any t l > 0, there is t G (0,ti) such that «(-,t ) £ ^(M 3 ). 
With the initial data u(x,t ), the Leray-Hopf solution u(x,t) is regular at least 
in a short time interval after t (see [19|[24|). We are discussing the blow-up 
problem for these short time regular solutions. 

(2) As a blow-up argument, we assume that u(x,t) is bounded for t < T 
and blows up at t = T. As a direct corollary, we can prove that !!«(£) || #3(^3) 
and ^||w(t)||ifm(R8) ( m = 0,1,2), as well as \\d t u(t)\\ L 2 {R3) , \\dtV x u(t)\\ L 2( R3) are 
bounded for t < T. So we have the same results for ||w(t)||jj3( R 3) and d T \\w{r) \\ H * 
(m = 0, 1, 2) for r < oo, as well as the similar results for q by the boundedness 
of Riesz transformation. 

(3) Since u(x,t), d t u(x,t) G L 2 (R 3 ) for t < T, 



\dhu(x, h)\\u(x, h)\dxdh < oo, 

JM. 3 

we can use Fubini theorem to obtain 

2 / d t u(x,t) ■ u(x,t)dx = — [ [ dh\u(x,h)\ 2 dxdh 
(2 q\ J^- 3 Jo J^ 3 

d f* f* d f* 

— — / / dh\u(x,h)\ 2 dhdx = — / \u(x,t)\ 2 dx. 
dt Jr3 J dt J R 3 

Noting that 

d t u(x,t) = {T-t)-^{d T w{ (T _^ )1/2 , r) + % _ t)1/2 -V y w{ (T _^ )1/2 , r)+\w( — 
where r = (— ) ln(T — t), from 

(2.10) / \d t u{x,t)\ 2 dx = {T-t)-l I \d T w{y^) + V --V y w{y,T) + l -w{y,r)\ 2 dy 

JR3 J R 3 I I 
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and 

(2.11) / \u(x,t)\ 2 dx = (T -t) 1/2 \w{y,r)\ 2 dy 

JR3 J R 3 

we have for t < T 

(2.12) / \d T w(y, r) + ^-V y w(y,r)\ 2 dy<oo. 

Moreover, from (12.91) . we get 
(2.13) 



(T-t)--{0 T I \ w (y, T )\ 2 dy- 1 - I !«■(//. r)| 2 ,///} 



u(x,t)\ dx = 2 d t u(x,t) ■ u(x,t)dx 



2 1 (T-t)^{d T w{— JL—, T )+ — ^— j.-Vywi 



■(T-t)V 2 ' ' 2(T-ty/ 2 v v (T-t)V2' > 

I X i X 

+ 2 W( (T-t)V2 ; r)} ' (T ~ *)~ 5w ( (T-t)V2 ' T)dx 
= (T - / {2<9 r u>(y, r) • r) + (y ■ V tf w(2/, r)) • w{y, r) + |tu(j/, r)\ 2 dy. 

By using (2.13), from (2.3) we get (2.5) again. 



3. (L°°, L 2 )-DECOMPOSITION OF W 

In this section we shall prove that w can be decomposed as the sum of a 
L°°(0, oo; L m (IR 3 )) (m G [4, oo]) part and a L°°(0, oo; L 2 (M 3 )) n L 2 (0, oo; ^(M 3 )) 
part. 

Let if € C^°(1R 3 , [0,1]) be a radial symmetrical function satisfying 

(3.1) p(o = i v ici<i> ^(O = o viei>2, e-v^(o<o ve 

Like the Littlewood-Paley analysis, we define the operators 
Denote 

«;(!/, r) = A_ x w(y, r) = F~ l [ip) * w(y, r), 

(3.2) w(y, t) = w(y, r) - w(y, r) = A w(y, r) = J 7 ' 1 ^ -</?]* iu(j/, r), 

«j(y,r) = J" _1 [a/1 - v? 2 ] * w(y,r). 

Notice that 

\\ w ( T )\\h(R3) = 11^0") lllw + ||w(r)|| 2 2(R3) . 



Blow up rate for Navier-Stokes equations 

So (12.51) can be written as 

1 d P f 1 

oT" / \ w (y> T )\ 2d y ^ ~ / l v ^(?/> r )| 2 - -7\w(y,r)\ 2 dy 

ZclT JR3 J R 3 4 

(3.3) - / \Vw(y,T)\ 2 -~\w(y,T)\ 2 dy 

-7,-r: I \m(y,r)\ 2 dy. 
2 dr J R 3 

Applying the operator A_i to the first equation of (12.21) . we have 

(3.4) drA^w = AA_!io - -A_x(y ■ Vw) - -A_ x w - A_i((iu • V)w) - VA_ 

Multiplying (13.41) by A^\w and integrating over M 3 we get 
1 d 

(3.5) ' 2Tt 



[ \A^w\ 2 dy = - [ |VA_H 2 */ -\l |A-H 2 */ 

-/ A_i(y • Vw) • A-iwdy - / A_i((iu • V)w) • A^wdy, 
2 7rs Jr3 



where div to = is used to cancel the term including q. 
Because 



/ y ■ V\A„iw\ 2 dy = 2 / yjA_iw ■ djA_iwdy 

JR3 JR3 



we have 



So 



2 / ^M-d^MR 

3 

/ d j {y j \A_ 1 w\ 2 }dy = 0. 

JR3 

dj(A-i(yjw) ■ A^w)dy 

djiT^^p] * {yjw) ■ F~ l [(p\ * w}dy 
-1) / dj{(pj * w ■ F^iip] * w}dy + / dj{yj\A„iw\ 2 }dy 

JR3 JR3 



= 

where (p^y) = y^" 1 [(£>](?/). 



Jian Zhai 

Noting that 

A_x(y • Vw) ■ A-iwdy 

3 









3 










and 








we have 




(3.6) 




y A_i(yVic) 


■ A-iivdy 



d 

l—Fiw], F[d j w]=i£ j : 



3=1 

3 



= 5/ e-V^(0I^HI 2 ^-^ / |A- lW | 2 rfy. 



From (!3T5]) -(l3T6lh we get 
(3.7) 



~ / |A_ lW | 2 cfo/=- / |VA_ lW | 2 <fy + - I \A- X w\ 2 dy 



From (13. 3p and (13.71) . we have 

1 d C f 1 

oT / \w(y,r)\ 2 dy < - \Vw(y,T)\ 2 - -\w(y,T)\ 2 dy 

^"■T J R 3 J R 3 4 

+7/ ^■V ¥ , 2 (OI^M(e,r)| 2 ^+ / A_ 1 (( W -VH-A_ 1 «;% 



(3. 



<~ / |V#(y,r)| 2 % 



+7/ e-V^ 2 (OI^M(e,T)| 2 ^+ / A_ 1 (( W -VH-A_ 1 «;% 
where |£| (^[U;]! 2 > |JF[?U]| 2 is used in the last step. 
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Let a G (0, |) and define 

fl^ +2 V(0, V|£|<i + a 
X(0 = { i 2 i 

[(- + a)^ 2 >(0, V|£|>- + a. 

Instead of tp by \i we define the operator 

A-i/ = ^- l wem/](0]- 

Applying A_i to (12.21) . as (13.71) we have 

= - [ \VA_ lW \ 2 dy+] [ \A_ lW \ 2 dy 
Jm 3 4 </r 3 

-\ \ e-V X 2 (0I^M(e,r)| 2 ^- / A_i((w • V)w) ■ h_xwdy. 

4 JK3 JK3 

Combining it with (13.81) . we have 

[ |A_H 2 + \w\ 2 dy 
2 dr J R3 

< -- I \VW\ 2 dy-a [ lA^w^dy 

+ / A_x((w ■ V)w) ■ A^w - A_i((io • V)w) • h-iwdy 

+7/ ^V(^ 2 -x 2 )|^M| 2 ^- / |VA_ lW ;| 2 ^+(i + a) / |A_H 2 ^. 
For |£| < 1, the last term is written as 

A = J^- v (-* 2 ) - KIV + (\ + «)x 2 }|^MI 2 ^ 

and noting that = 1 for |£| < 1 as well as the definition of x, A < 0. For 
|£| G [1,2], the last term is written as 

B = J {-(1 - (~ + a) 1+ ^ ■ V^ 2 - (|e| 2 - (i + a))(i + «) 1+4 > 2 }|^M| 2 ^, 
and £> < 0. So we get 

~ / |A_xu;| 2 + \W\ 2 dy < ~ [ \VW\ 2 dy - a [ {A^wfdy 

^ 2 dT J R 3 4 J R3 J R 3 

+ / A_ x ((w • V)w) • A_!W - A_!((«; • V)w) ■ A^wdy. 

Lemma 3.1. (1) For any m G [4, 00] , 

\\A^f\\ Lmm < C{a)\\A^f\\ L , m , V/ e L 2 (M 3 ) 

where the constant C(a) < 00 depends only on a. 
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(2) For all f3 = fa) ((3 3 G N, j = 1, 2, 3j 

||^Ao<,t)|U 2(m3) < ii^wo^)!!^ 

w/iere D 13 = d^dfcdfr. 

Proof. From Hausdorff- Young inequality 
||A-i/||l™(ir3) 

<(27r) 3 / m '(/ i^(o^[/](or'^) 1/m ' 

Jm. 3 

< W m \ [ nei^ 2 xo^[/](oi 2 ) 1/2 ( / \i\-^ +2a) ^d^ 

Je 3 •'|£|<2 

<C(a)(/ ix(£WKor) 1/2 

for a G (0, |). So we have (1). 

To prove (2), we only need to consider the case \f3\ = J2i<j<3^j = 0- Since 
< tp < 1 and 1 — ip 2 = (1 — ip)(l + ip) > (1 — ip) 2 , in this case we have 



\A w(y,r)\ 2 dy= j (1-^(0)VM(£,t)| 2 ^ 
Jm 3 

< [ (l-^(£))|^M(£,T)| 2 d£= / \w(y,r)\ 2 dy. □ 
Jr 3 Jr 3 

Now we estimate the last term in the right of (13.91) . We only need to consider 
the integration for the first function in the last term, because for another function 
the proof is same. Notice that 

J A_i(wjdjw) ■ A-iwdy = — J A_i{wjw) ■ A_ 1 (djtu)dy 

= — J A_i(A_ityjA_iw) • A-i(djiv)dy — J A_i(A_iiwjAqw) • A-idjwdy 

— J A-i(A WjA-iw) ■ A-i(djw)dy — / A_i(A u>jA ^) ■ A- 1 (djw)dy. 



Because 



< ( J \A^dyf' 2 { f V 2 m^H{^r)\ 2 dxf/ 2 

< C||A_ik;|||2( R 3), (by Lemma [3~T1 (1) and the definition of A_x) 



and 



Blow up rate for Navier-Stokes equations 

| J A.-i(A-iWjA w) ■ A.-idjwdy\ 

< ( J \A- lW \%) 1/2 ( J \A*w\ 2 dy) 1/2 

< C||A_i«;||^2 (M 3 ) ||wJ||l 2 (ir3) (by Lemma O (l)-(2)) 



as well as 



A^AoWjAow) ■ A_ l (d j w)dy\ 



< C||A_ 1 «;|| L 2 (K 3 ) ||i(;||^ 2(R 3 ) (by Lemma O (l)-(2)) 
the last term in the right of (13. 9p can be estimated by 

^{H A -l^lli2(R3) + \\A_ l w\\l 2{R : i) \\w\\ L 2 m + ||A_ 1 w|| i2 ( R 3 ) ||W||| 2(R3) }. 

So we get 

1 d f 3 f 

-— \A_ 1 w(y,r)\ 2 +\W{y,r)\ 2 dy + {--a) \VW{y,r)\ 2 dy 

2 dr J R3 4 J R3 



(3.10) <-a \A^w(y,r)\ 2 + \W(y,r)\ 2 dy 

JR 3 

+C(f \A^w(y,r)\ 2 + \w(y,r)\ 2 dy)^ 2 

JR 3 

Proposition 3.2. There is 5 > such that if 

(3.11) / lA^^o^+H^o)! 2 ^^ 

Jm 3 

then for all r > 

(3.12) -^/ \A- lW (y,T)\ 2 +\W(y,T)\ 2 dy<-a f \A^w(y,r)\ 2 + \w(y,r)\ 2 dy. 
<*T Jr 3 Jr 3 

Moreover w(y, r) = w(y, r) + w(y, r), and for all m e [4, oo], 

\\D p w(T)\\ L m iR3) <C(m Vr>0, V/3, 
( 3 ' 13 ' ) lim \\w{T)\\ Lm(m = 0, 



r poo p 

sup / \w(y,r)\ 2 dy+ dr \Vw(y,T)\ 2 dy < CS, 
^2 t>o Jr 3 Jo Jr 3 



lim / \w(y, r)| dy = 0. 
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For example, we may take 5 < (^) 2 - Proposition 13.21 follows from (13.101) and 
Lemma 13.11 Note that 



(3.15) 



\A_ l w(y,0)\ 2 + \W(y,0)\ 2 dy = / ( X \0 + 1 - ^(O)I-^M(^ 0)| 2 ^ 

Jr 3 

< [ |^H(e,0)| 2 ^= / \w(y,0)\ 2 dy= [ \u (x)\ 2 dx. 



So we have 



Corollary 3.3. There is 5 > such that if ||«o||l 2 ( R 3) < b 1 ! 2 , then we have 



Remark 3.4. Suppose ip is a function satisfying 

(3.16) ^C(M 3 ,[o,i]), e-VgVKOeL 00 ^ 3 ). 

Since ^(0^M(^ r ) e L 2 (M 3 ), we have f" 1 ^} *w = ^[^[w]] e L 2 (R 3 ) and 

|^^]*«>(y,T)| 2 dy(T-t)S 

(3.17) = / | / ■F-MV'K — -^(z,r)&| 2 ^ 

^]( (T _^ )1/2 - *)(T - t) 1/2 n((T - f) 1 /**, 

^■i[^](^^)u(x, *)<fafd/i(T - 1)" 2 

where r = (-) ln(T - t). Note that 
(3.18) 

d t {{T -tf^{{T -tf^)T[u]{^t)} 



(T-t) 1 /^ 1 T l (T-t)V2' y 2(T-t)V2 v ^ v (T-t)i/2' ' 
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Blow up rate for Navier-Stokes equations 



and 
(3.19) 

d 



n-l 1 / T — 7\m) u ( x ^) dx \ d V 

at JR3 J R 3 [1 - t) I 



d 
It 



|(T -tf'^{{T - t) l l^)T[u]{^t)M 
= 71 I f d h \{T-hfl^{{T-hfl^)r[uUM 2 dhdi 

at JR3 JO 

= 71 II d h \{T~hf^{{T-h) l ' 2 Om{iM 2 ^dh 
at Jo Js. 3 

a t \(T -^((t -ty^mM^ 



{(-)|(T - t)^((T - tftmuKt, t)-(T- d ■ ip'((T - tf^)rm, t) 

+(T - tf' 2 ^{{T - t^Od^m, t)}-(T- tf^{(T - t^OWm t)d£ 

where noting that !F[u\(^,t), c^T 7 ^] (£, t) e L 2 (M 3 ) for t < T and ^ satisfies 
(3.16), we have 



|ft|(T - tf 2 ^(T - t) 1/2 C)^N(C, OH* < oo 
and Fubini theorem can be used. 

From f[3TTTj) - f[3TT9]) . we get 
(3.20) 

{T -t) 5 / 2 ^[ \F-^}* w ( y , T )- 7 (T-t) 5 / 2 [ \^- 1 [ij]*w(y,r)\ 2 dy 



i(T-t) 7 / 2 / \T-\^w{y,r)\ 2 dy) 
at j r3 



= T + / I / •^" 1 M( " -^ )u(x,t)dx[ 2 d» 
dt J R 3 J R 3 {T-tyi z 

= 2(T-tf 2 I {(-)^(0^M(?^)-|-^0^H(e,r)}^(0^N(e,rK 
+2 [ {[ ^-^}( ^—^ )d t u(x,t)dx}-{[ J 1 "" [ )u(x,t)dx}dfi 

Jt 3 (i — t) I J R 3 [1 — I) 1 



= (-3)(T-f) 5 / 2 / l^- 1 ^]*^?/^)! 2 ^ 
(T - t) 5 / 2 



(e-v^(0)i^M(e,r)ix 



+2(T-t) 5 / 2 / / T~ l my-z){dM^r) + Z --VM^r) + \w{z,T)}dz 
7r3 7r3 ^ ^ 

■{J 1 " 1 ^] * w(y,r)}dy 
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So we have 

2 / F- 1 ^} * {d T w + f ■ V y w}(y, t) ■ f- 1 ^] * w(y, r)dy 

JW.3 1 

(3.21) = // |^- 1 M*io(y,r)| 2 dy-| / l-F^] * r)| a dy 

4 / (e-v^ 2 (0)i^M(e,r)i 2 ^. 

Note that y? and x satisfy (3.16), and we can use (3.21) to obtain (3.7) for p 
and x again. Furthermore, notice that 1 — tp satisfies (3.16) and \\d t W x u(t) ||l 2 (r 3 ) 
is bounded for t < T, we can prove the same equation as (3.21) for (1 — tp) and 
V y w instead of i/j and w, which can be used to obtain (4.4) of section 4 from (4.1) 
too. 



4. L°°-ESTIMATE OF W 

Applying the operator A (see ( 13. 2p ) to (12.61) . and integrating over IR 3 we have 
~ / \A Vw\ 2 dy = - [ \V 2 A w\ 2 dy- [ \A \7w\ 2 dy 

Z(lT JR3 Jr3 JR3 

3 

— \] / A ((djW ■ V)w) ■ A djiu + A ((w ■ V)djw) ■ A djwdy. 

Since the support set of 1 — ip is not compact, we can not do the same thing as in 
(13. 6p for the 3rd term in the right side of (14.11) . But with more patient, by using 
Ao/ = / - A_i/, we have 



A ((y • V)djw) ■ A djwdy 
(4.2) = J((y- V)djw) ■ djwdy - J ((y ■ V)djw) ■ A^wdy 

- J A_i((y ■ V)d jW ) ■ d 3 wdy + J A_i((y • V)d 3 w) ■ A^{d 3 w)dy. 
As in ( 12. 4p . we have 

J {{V ■ V)djw) ■ djwdy >-7^f \djw\ 2 dy. 
On the other hand, as in (13. 6p we have 

J A_ 1 ((yV)d J w)-A_ 1 (d J w)dy= 1 - J £.V^[d,H| 2 ^-~ f ^^w]^. 
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The remainder in the right of (14. 2 j) is 



2 / ^(^fc^^w]) • T[djw]d^ 
Then the right of (14.21) is larger than 

(4.3) - j (£■ V^)|^H| 2 ^ + 3 I ^l^-HI 2 ^ 

= iy ?-v(i-^(0) 2 imHI 2 ^-^ I |A ^| 2 ^. 



Since from (13.11) 



e-v(i-^(0) 2 = iei^(i-^)) 2 >o 



Instead of the 3rd term in the right side of (14. ip by (I4.2l) - (l4.3p . we get 

f \A Vw\ 2 dy < - [ \V 2 A w\ 2 dy-l [ \A Vw\ 2 dy 

(4.4) 3 

— 2_] / A ((djW ■ V)w) • A djW + A ((w ■ V)djw) ■ A djwdy. 
i=l 3 

Decompose the last integration of the right side of (14. 4p by w = w + w and 
note that 



((w-V)djW) ■ djWdy\ < \\V 2 w\\ L 2 m (J \w\ 2 \Vw\ 2 dy) 1/2 

< c , llv%|li / 2 2 (R3) ||v^||i /2 K3) , 

((w-V)djW) -djwdy] < \\M\l^(^)\\^ 2 M\l^{^)\\^M\l^r^, 
((w- V)djw) ■ djWdy\ < C\\w\\l^(r3)\\w \\l^(m3)\\Vw\\ l ^(ws), 



and 



{{w ■ V)djW) ■ djwdy] <C{J \w\ 4 dy) 1/2 \\ Vw\ 
as well as the same estimates for another one. Then by Proposition 13.2} we have 

~f \Vw{y,r)\ 2 dy<-\ ( \V 2 w{y,r)\ 2 dy -\ f \Vw{y,r)\ 2 dy 



(4.5) 



+C||V^(r)|U 2(K 3 ) {C5-||V«J(r)|Ua (K a ) + C||Vw(r)||i 2(K 3 ) } 
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Note that (see Remark 14. 4p there is 8% > such that if for some r > 

(4.6) ||VW(to)|U2 (r3) <S 1 

then 

||Vw(r)|| L 2 (R3 ) < 5i, Vr > r . 
From (13.141) . (14.61) can be satisfied provided that (13. lip is satisfied. So we have 

Lemma 4.1. Suppose Ii3.11\) is satisfied. Then there is 5\ > (8\ J, as 8 J, 0) 

and t > such that 

\\Vw(t) ||i2fRS) < Si, Vr > r . 



Estimate the last term in the right side of (12.71) by using w = w + w, and note 
that 

I J djW/.djW^iWf.dyl < || Vw|| LO o( R3) / \Vw\ 2 dy 

< C5 J \Vw\ 2 dy, 

d i m t d m d l Wkdy\ < ( J \Vw\*dy) x >\ j \Vw\ 2 dyf/ 2 



< C8{ / \Vw\ 2 dy) 1/2 , 



and 



as well as 



I J d j w h djW l d l w k dy\ < \\Vw\\ L «,^ J \Vw\ 2 dy 

< C5 J \Vw\ 2 dy, 

J djWkdjWidiWkdyl < C\\Vw\\% 2 m \\V 2 wf /2 

< \\V 2 w\\ 2 mm + C8 1 . 



So we have 

(4.7) [ \Vw(y,r)\ 2 dy<- [ \V 2 w{y,r)\ 2 dy- l -f \Vw(y,T)\ 2 dy + C5 l . 
(It Jr3 J R 3 I J R s 

Lemma 4.2. Suppose /13.11\) is satisfied. Then there is 5\ > (8\ I as 8 j 0) 

and To > such that for all r > tq, 

(4.8) / \Vw(y,T)\ 2 dy <e-^ T - To) [ \Vw(y, r )\ 2 dy + 2C8 1 (1 - e - ^-^)). 

Considering (12. 8p . and noting that div Aw = implies 

/ {Aw) ■ {{w ■ V)Aw)dy = 0, 
14 



Blow up rate for Navier-Stokes equations 

the last term in the right side of (12.81) can be written as the sum of the following 
terms 

\V 2 w\ 2 \\7w\dy. 



Since it can be estimated by 

( J \Vw\ 2 dy) l l\ J \V 2 w\ 4 dy) l/2 

<C{J \Vw\ 2 dy) 1/2 { J \Aw\ 2 dyf/\ J \ WAw\ 2 dyf A 
by (12.81) and Lemma [4.21 we have 

Lemma 4.3. Suppose 113.11}) is satisfied. Then there is Si > (8\ j as 5 I 0) 

and To > such that for all r > tq, 

\Aw(y,r)\ 2 dy <e-^- c5l) ^- To) [ \Aw(y,r )\ 2 dy 



From Lemma I4.lti4.3l and Corollary 13. 31 we proved the Theorem 11.11 
Remark 4.4. Suppose a nonnegative continuous function h(r) satisfies 

4-Hr) < F{h{r)) := C5 - Bh{r) + h 5 (r), Vr > 0, 
dr 

where C, B and 5 are positive constants. If 5 is small enough so that 



h- := -{B - VB* - ACS) E (0, 1), 

and if h(0) < h-, then for all r > 0, F(h(r)) < CS - Bh(r) + h 2 (r) and 

h{r) e [Q,hJ\. 
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